“Knot"

by Gregory Buck

f you look about you as you are

reading this, chances are you will

see a knot somewhere: in your
shoelaces, in your sweater, or perhaps
in your hair, Knots are common things.
You'll find knots anywhere a strand of
nearly anything gets long enough. (Think
of a garden hose or an extension cord.)
Of course, there are different types of
knots, different patterns of knotting.
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Mathematics is sometimes called 13,
ugcience of patterns,” so perhaps it .
surprise you to learn that there s -,
mathematics of knotting.

Let's consider what makes a mar,,
matical knot. Tie a knot in a piece of
string, and then join the open ends of
the string, perhaps by taping them
together. This is how mathematicians
think of knots. The idea is that when -
loop is closed, there is no way the knot
can be taken out of the string.

Now, different ways of tying preduce
different knot types. In Figure 1 at left
there are three knot types: the unknot |-
circle), the trefoil (the simplest knot, so
named because of its three-part shape),
and the figure eight knot. But a knot
does not always appear in its most rec-
ognizable form. Two knots are equivalen:
(of the same type) if one can be deformed
(changed) to the other without breaking
the string. Figure 2 is a picture of two
equivalent knots.

There is an algebra of knots, which
means that we can add knots. We do
this by tying two or more knots next to
or on top of each other in the same loop.
It has been proven that there are no neg-
ative knots, That is, you cannot add two
knots together and end up with a knot
equal to the circle, or unknot. But you
might try it just the same!

INustrations created by Robert Scharein using the computer program Knot Plot. To see more knots visit

the Knot Plot Web site at: http://www.cs.u

be, ca/nest/imager/contributio ns/scharein/KnotPlot.htm l



Gregory Buck has some
fun with nautical rope.
Can you Identify these
knot types?
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When you add two Iy i
the result is o compound 4y, Mgy,
Il i L™
as shown in Figure 3, A Y

that is not the sum of of e,
knots is called a prime kpop Two of 1y
most common methods (o Crenti, '
prime knols are pictured below. |.-,1: |
gives us variations of wha jg "””"rl.;;
torus knot and Figure 5 gives . 4
member of the family of tois knogs
Another sort ol algebra of knots aras
when we look at braids, Consie, the
common three-strand braid, ofe, Usey
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to braid hair. This braid clearly employ

a pattern: right to the middle, lef ¢, the
middle, right to the middle, and g, on,
Think of cach of these crossovers g an
individual move, and imagine that y,

_ give each move some symbols to repre.
mgor’. Buck appreclates the “craft” of knot sent it. For example, let’s have stry, |
making as well as the theory behind it. His office represent the right strand, strand 2y,
at St. Anselm College In Manchester, New middle strand, and strand 3 the le(;

Hampshlre, Is filled with knots in many forms. strand. Also, let “M” stand for “move.”
Let M(1,2) mean that we cross strands |
and 2, with 1 going over 2. Alter this
Compound move we have a new strand 1 and a new
strand 2, but strand 3 is the same. In
this way the usual three-strand braid
could be written: M(1,2), M(3,2), M{1,2),
M(3,2), and so on (see Figure 6). Notice
that if you do the combination M(1,2),
M(2,1), the result is that strands 1 and 2
are not tangled, but with the combina-
tion M(1,2), M(1,2), the first two strands
are twisted about each other. So we can
write that M(1,2) + M(2,1) = 0, but M(1,2)

Flgure 3

\ Figure 4
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A closed braid comes about by joining !
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the two sets of open ends. The strands  —22e ey f/ /
are joined in order, so, for example, the ¥
leftmost strand at the bottom of the for this, we divide the required length of {}
braid is joined with the leftmost strand the rope by the rope’s diameter. / f
at the top. But note that these are not {
necessarily, nor even usually, the same More Than Rope

strand. That is, if you trace through the Knot theory has lots of applications,

braid the strand that begins on the left some on the smallest scale (such as in

at the top of the braid, you may find that subatomic physics), and some on a very

at the bottom it is at, say, the middle large scale (for instance, the solar corona

position. So, when the braid is closed has long, tangled magnetic loops that we

that strand connects with the middle can sometimes observe with special in-

strand at the top. A closed braid gives struments from Earth). Recently knot

us either a knot, if the result is one long theory has found an interesting applica-

strand, or a link, if the result is two or tion in microbiology.

more closed loops (see Figure 7). DNA is thought of as the basis of life,

When we classify knots we often rank because it carries the plan of how an

them by complexity. There are several organism is to grow and develop. The

different methods for measuring the DNA molecule is a very long, thin strand

complexity of a knot. One is to count that is almost always knotted in its nat-

how many different crossings are neces- ural state. Because life proceeds by DNA

sary to draw the knot on paper. It takes replication, the molecule has to make

at least three crossings to draw the tre- copies of itself. For this to happen the
foil. The figure eight requires four cross- strand of the molecule must split apart.

ings. Another method for measuring the But the knotted state of the molecule

complexity of a knot is to measure how makes this replication process extremely

long a piece of rope is required to tie the difficult, because the molecule divides
knot. (Remember, the knot is finished down the middle, the long way.
by joining the two open ends to make a

Imagine a long, closed zipper that is
loop.) Also, the length required is affect- knotted, with its head joining its tail,

ed by the thickness, or diameter, of the forming a loop. Now imagine unzipping
rope. The thicker the rope, the longer it the zipper, all the way around. You now
needs to be to make a knot. To account have two strands, which themselves are




ABOVE: This computer-generated
model illustrates the “knotty” nature
of DNA.

linked. But the strands cannot
remain permanently linked.

They must find a way to unlink Ccut Rejoined
in order to separate. Because i
the strands are closed loops, Figure 8

there is only one possible way

for them to come unlinked:
Something must cut the strands, to
let one strand pass through the

other.
When scientists realized this they

went looking for the substance that
cuts the strands enabling the DNA
molecule to replicate. They found an
enzyme they have called topoisomer-
ase. The name is a tongue twister,
but it explains exactly what the
enzyme does: It erases the topology,
the link within the DNA molecule.
Topoisomerase literally cuts one
strand of the DNA molecule, passes

the other strand through it, and then
rejoins the cut strand as shown in
Figure 8. A current topic of research i
mathematical knot theory is the effort
to understand just how many of thes:
cuts need to be made to unlink a typical
DNA molecule. There are lots of ques
tions in knot theory we haven't yet found
the answers to. Maybe in the future you
can help answer some of these “knotty’
questions!

Gregory Buck is a mathematics professor at 52
Anselm College, in Goffstown, New Hampshire
His knot research is funded by the Nationa
Science Foundation.




